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The equation of state (EOS) of nuclear matter, i.e., the thermodynamic relationship between
the binding energy per nucleon, temperature, density, as well as the isospin asymmetry, has been
a hot topic in nuclear physics and astrophysics for a long time. The knowledge of the nuclear
EOS is essential for studying the properties of nuclei, the structure of neutron stars, the dynamics
of heavy ion collision (HIC), as well as neutron star mergers. HIC offers a unique way to create
nuclear matter with high density and isospin asymmetry in terrestrial laboratory, but the formed
dense nuclear matter exists only for a very short period, one cannot measure the nuclear EOS
directly in experiments. Practically, transport models which often incorporate phenomenological
potentials as an input are utilized to deduce the EOS from the comparison with the observables
measured in laboratory. The ultrarelativistic quantum molecular dynamics (UrQMD) model has
been widely employed for investigating HIC from the Fermi energy (40 MeV per nucleon) up to
the CERN Large Hadron Collider energies (TeV). With further improvement in the nuclear mean-
field potential term, the collision term, and the cluster recognition term of the UrQMD model, the
newly measured collective flow and nuclear stopping data of light charged particles by the FOPI
Collaboration can be reproduced. In this article we highlight our recent results on the studies of
the nuclear EOS and the nuclear symmetry energy with the UrQMD model. New opportunities and
challenges in the extraction of the nuclear EOS from transport models and HIC experiments are
discussed.
PACS numbers: 21.65.Ef, 21.65.Mn, 25.70.-z
I. INTRODUCTION
Matter with extremely conditions, such as high density,
temperature, and isospin asymmetry, is hardly observed
on earth, but can be found at various astrophysical ob-
jects. Study of the properties of dense matter may pro-
vide deep insight into the structure and evolution of as-
trophysical objects. The nuclear equation of state (EOS)
which characterizes the thermodynamic relationship be-
tween the binding energy E, temperature T , density ρ,
as well as the isospin asymmetry δ = (ρn− ρp)/(ρn+ ρp)
in nuclear matter (an uniform and infinite system with
neutrons and protons) has attracted considerable atten-
tion from both nuclear physics and astrophysics commu-
nities since long time ago[1–14]. At zero temperature,
both phenomenological and microscopic model calcula-
tions have indicated that the binding energy per nucleon
in isospin asymmetric nuclear matter can be well approxi-
mated by E(ρ, δ) = E(ρ, δ = 0)+Esym(ρ)δ
2+O(δ4). The
first term E(ρ, δ = 0) is the binding energy per nucleon
in the isospin symmetric nuclear matter, Esym(ρ) is the
density-dependent nuclear symmetry energy. Odd-order
δ terms are vanished because of the charge symmetry of
nuclear forces. Higher-order terms for δ are usually neg-
ligible for most investigations as the typical value of δ
is about 0.2 in nuclei and nuclear collisions. It is worth
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noting that higher-order terms in δ may play an impor-
tant role in the studying of astrophysical processes[15–
18]. The parabolic approximation would be expected to
be valid only at small δ, however based on many theo-
retical calculations, it turns out that it is fairly satisfied
even at δ=1 with moderate density[1].
It is of great interest to investigate how E(ρ, δ = 0)
and Esym(ρ) vary as density, because the information of
both E(ρ, δ = 0) and Esym(ρ) are essential for study-
ing the structures and the properties of nuclei and neu-
tron stars, the dynamics of heavy-ion collision, super-
novae explosions, as well as neutron star mergers. It
is also one of the fundamental goals of the current and
future nuclear facilities (e.g., the CSR and HIAF in
China, the FRIB in the United States, the RIBF in
Japan, the SPIRAL2 in France, the FAIR in Germany)
around the world. Practically, the nuclear incompress-
ibility K0 = 9ρ
2
(
∂2E(ρ,δ=0)
∂ρ2
)
|ρ=ρ0 , the symmetry en-
ergy coefficient S0 = Esym(ρ0), and its slope parame-
ter L = 3ρ
(
∂Esym(ρ)
∂ρ
)
|ρ=ρ0 and its curvature parame-
ter Ksym=9ρ
2
(
∂2Esym(ρ)
∂ρ2
)
|ρ=ρ0 which characterize how
E(ρ, δ = 0) and Esym(ρ) change as density, have at-
tracted considerable attention. Although great endeavors
have been made to constrain these parameters, a precise
picture of the EOS has still not emerged, especially at
high densities, which remains an open challenge for fur-
ther research.
In the present work, we review and highlight our re-
cent results on the studies of the nuclear EOS of isospin
2symmetric matter, the medium effects on the nucleon-
nucleon cross section, and the density-dependent nuclear
symmetry energy based on the ultrarelativistic quantum
molecular dynamics (UrQMD) model. This article is or-
ganized as follows. In next section, the UrQMD model
and its recent updates, as well as observables in HIC are
briefly introduced. In Section III, the influence of the in-
medium nucleon-nucleon cross section on observables in
HIC at intermediate energies (with beam energy of sev-
eral hundreds MeV per nucleon) is discussed. Section IV
gives the result of studying the nuclear EOS of isospin
symmetric matter from the rapidity-dependent elliptic
flow. Constraints on the density-dependent nuclear sym-
metry energy with the UrQMD model are reviewed and
discussed in Section V. Finally, a summary and outlook
is given in SectionVI.
II. MODEL DESCRIPTION AND
OBSERVABLES
The UrQMD model has been widely used to study nu-
clear reactions within a large range of beam energies,
from the Fermi energy (tens of MeV per nucleon) up
to the highest energy (TeV) presently available at the
Large Hadron Collider [19–22]. In the UrQMD model,
each hadron can be represented by a Gaussian wave
packet [19]. Usually, the width parameter of 2 fm2 is
chosen for simulating collisions with Au. Mean field po-
tential and collision terms are two of the most important
ingredients of the UrQMD model. In this section, we
briefly discuss the recent updates on these two terms.
A. Mean field potential
After carefully choosing nuclei with a proper binding
energy and radius in the initialization, the coordinate ri
and momentum pi of nucleon i are propagated according
to
r˙i =
∂〈H〉
∂ pi
, p˙i = −
∂〈H〉
∂ri
. (1)
Here, 〈H〉 is the total Hamiltonian function, it consists
of the kinetic energy T and the effective interaction po-
tential energy V . For studying HICs at intermediate en-
ergies, the following density and momentum dependent
potential has been widely employed in QMD-like models
[23–26],
V = α
(
ρ
ρ0
)
+ β
(
ρ
ρ0
)η
+ tmd ln
2[1 + amd(pi−pj)
2]
ρ
ρ0
.
(2)
Here tmd=1.57 MeV and amd=500 c
2/GeV2. In
present version, α, β, and η are calculated using Skyrme
parameters via α2 =
3
8 t0ρ0,
β
η+1 =
1
16 t3ρ
η
0 , and η = σ+1.
The parameters t0, t1, t2, t3 and x0, x1, x2, x3, σ are
the well-known parameters of the Skyrme force[27, 28].
Following recent progress in the study of the density-
dependent nuclear symmetry energy and to better de-
scribe the recent experimental data at intermediate en-
ergies, the surface, the surface asymmetry term, the sym-
metry energy term obtained from the Skyrme potential
energy density functional have been introduced to the
present version [29, 30]. It reads as
uSkyrme =usur + usur,iso + usym
=
gsur
2ρ0
(∇ρ)2 +
gsur,iso
2ρ0
[∇(ρn − ρp)]
2
+
(
Asym
ρ2
ρ0
+Bsym
ρη+1
ρη0
+ Csym
ρ8/3
ρ
5/3
0
)
δ2.
(3)
And, the parameters gsur, gsur,iso, Asym, Bsym, and Csym
are related to the Skyrme parameters via
gsur
2
=
1
64
(9t1 − 5t2 − 4x2t2)ρ0, (4)
gsur,iso
2
= −
1
64
[3t1(2x1 + 1) + t2(2x2 + 1)]ρ0, (5)
Asym = −
t0
4
(x0 + 1/2)ρ0, (6)
Bsym = −
t3
24
(x3 + 1/2)ρ
η
0 , (7)
Csym =
1
24
(
3pi2
2
)2/3
ρ
5/3
0 Θsym, (8)
where Θsym = 3t1x1 − t2(4 + 5x2). With the introduc-
tion of the Skyrme potential energy density functional,
one can easily choose different Skyrme interactions to
study properties of dense nuclear matter formed in HICs
with the UrQMD model. E.g., to investigate the incom-
pressibility K0 of isospin symmetric nuclear matter, one
can select Skyrme interactions which yield similar values
of the nuclear symmetry energy but different values of
K0. While Skyrme interactions which give similar value
of K0 but very different density-dependent nuclear sym-
metry energy can be selected to study the effect of the
nuclear symmetry energy on various observables.
The potentials for produced mesons, i.e., pion and
kaon, also can be incorporated into the UrQMD model,
it is found that, with considering the kaon potential (in-
cluding both the scalar and vector aspects) and pion po-
tential, the collective flow of pion and kaon can be repro-
duced as well, details can be found in Refs.[31, 32].
B. The in-medium nucleon-nucleon cross section
Besides the mean field potential, the nucleon-nucleon
cross section (NNCS) is one of the most essential in-
gredients of the transport model as well. In free space,
the information of NNCS has been well measured by ex-
periments, but in the nuclear medium, how the NNCS
varies with the nuclear density and momentum is still
an open question. It is known from many theoreti-
cal studies that the NNCS in the in-medium is smaller
3than that in the free space, however, the degree of
this reduction is still far from being entirely pinned
down[33–41]. One of possible way to obtain the de-
tailed information of the in-medium NNCS is to com-
pare the transport model simulations with the corre-
sponding experimental data. Several different forms of
the in-medium NNCS have been used in transport mod-
els, such as σin-mediumNN = (1 − ηρ/ρ0)σ
free
NN with η =
0.2[28, 42], σin-mediumNN = 0.85ρ
−2/3/ tanh( σ
free
0.85ρ−2/3
)[43],
F = σin-mediumNN /σ
free
NN = (µ
∗
NN/µNN)
2, where µ∗NN and
µNN are the k-masses of the colliding nucleons in the
medium and in free space [44–46].
In the present UrQMD model, the in-medium elastic
NNCS are treated as the product of a medium correction
factor F and the cross sections in free space for which
the experimental data are available. The total nucleon-
nucleon binary scattering cross sections can thus be ex-
pressed as
σ∗tot = σin + σ
∗
el = σin + F (ρ, p)σel (9)
with
F (ρ, p) =
{
f0 pNN > 1GeV/c
Fρ−f0
1+(pNN/p0)κ
+ f0 pNN ≤ 1GeV/c
(10)
where pNN denotes the momentum in the two-nucleon
center-of-mass (c.o.m.) frame. Here σel and σin are the
NN elastic and inelastic cross sections in free space, re-
spectively. We note here that the experimental data of
the inelastic cross sections in free space are still be used.
Because the probability for a nucleon to undergo inelas-
tic scattering and to become a ∆ is small in HICs around
1 GeV/nucleon regime[47]. Thus the influence of inelas-
tic channels on nucleonic observables, which are mainly
focused on in this work, can be neglected. The density-
dependent factor Fρ is parameterized as
Fρ = λ+ (1− λ) exp[−
ρ
ζρ0
]. (11)
In this work, ζ=1/3 and λ=1/6 are used which corre-
spond to FU3 in Ref. [21]. To systematically investi-
gate the effect of the in-medium NNCS on various ob-
servables in HICs at intermediate energies, four different
parametrization sets for f0, p0 and κ in Eq. 10 are chosen
to obtain different momentum dependences of F (ρ, p).
The reduced factors obtained with these parametrization
sets are displayed in Fig.1. Specifically, the parametriza-
tion set FU3FP1 was usually applied to investigate HICs
around the Fermi energy region where the mean-field po-
tential and the Pauli blocking effects are much more im-
portant. It has been found that with FU3FP1 parameter
set, the experimental data of both the collective flow and
the nuclear stopping power at the Fermi energy domain
can be reproduced[21, 48–51]. While, at higher ener-
gies, e.g., FU3FP2 has been used to extract the density-
dependent symmetry energy with the elliptic flow data,
as calculations with this parametrization set are found to
Set f0 p0 [GeV/c] κ
FP1 1 0.425 5
FP2 1 0.225 3
FP4 1 0.3 8
FP5 1 0.34 12
TABLE I: The parameter sets FP1, FP2, FP4 and FP5 used
for describing the momentum dependence of F (ρ, p).
be much more close to the experimental data of collec-
tive flows at 400 MeV/nucleon[52]. We further introduce
the FP4 and FP5 sets which lie roughly between FP1
and FP2. This permits more detailed studies of the mo-
mentum dependence of the in-medium NNCS by taking
advantage of the large number of new FOPI data.
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FIG. 1: (Color online) The medium correction factor F (ρ, p)
obtained with the parameterization on the momentum depen-
dence with the four options FP1, FP2, FP4, and FP5 given
in Table I at ρ=0.5ρ0, ρ0, and 2ρ0.
Usually, the UrQMD transport program stops at
150 fm/c and an isospin-dependent minimum spanning
tree (iso-MST) method which was introduced by Zhang
et al. [53] is used to construct clusters. In this method, if
the relative distances and momenta of two nucleons are
smaller than R0 and P0, respectively, they are considered
to belong to the same fragment. It is found that with a
proper set of R0 and P0, the fragment mass distribution
in HICs at intermediate energies can be reproduced well
[52, 54, 55]. The parameters adopted in this paper are
Rpp0 =2.8 fm, R
nn
0 =R
np
0 =3.8 fm, and P0=0.25 Gev/c. We
would like to note here that the collective flow and the nu-
clear stopping power, which will be focused in this work,
are insensitive to R0 and P0, as well as the stopping time,
when they are selected in their reasonable ranges [29].
C. Observables
The directed v1 and elliptic v2 flows are the two of most
widely studied observables in HICs at energy from inter-
4mediate energies to the relativistic energies, which can
be obtained from the Fourier expansion of the azimuthal
distribution of detected particles [56–58],
v1 ≡ 〈cos(φ)〉 =
〈
px
pt
〉
, (12)
v2 ≡ 〈cos(2φ)〉 =
〈
p2x − p
2
y
p2t
〉
, (13)
in which px and py are the two components of the trans-
verse momentum pt =
√
p2x + p
2
y. And the angle brackets
in Eq.12 and Eq.13 indicate an average over all considered
particles from all events. The directed flow v1 character-
izes particle motion (bounce-off or rotational-like) in the
reaction plane (defined by the impact parameter b in the
x-axis and the beam direction z-axis), while the elliptic
flow v2 describes the emission (squeeze-out) perpendicu-
lar to the reaction plane. Both v1 and v2 have complex
multi-dimensional structure. For a certain species of par-
ticles produced in a nuclear reaction with fixed colliding
system, beam energy, and impact parameter, they de-
pend both on the rapidity yz and the transverse momen-
tum pt. The scaled units y0 ≡ y/ypro and ut0 ≡ ut/upro
(with ut = βtγ the transverse component of the four-
velocity and upro is the velocity of the incident projectile
in the c.o.m system of two nuclei) are used instead of
yz and pt throughout, in the same way as done in the
experimental report[57], in order to scale with whole in-
cident energies. The subscript pro denotes the incident
projectile in the c.o.m system.
Usually, the slope of v1 and the value of v2 at mid-
rapidity (y0∼0) are calculated and compared to the ex-
perimental data to extract the nuclear EOS and the in-
medium NNCS[59, 60]. Roughly speaking, at low beam
energies (≤ 100 MeV/nucleon), the slope of v1 is nega-
tive while the v2 is positive, nucleons are more likely to
be emitted in the reaction plane and undergo a rotation-
like motion[61]. With increasing beam energy, the slope
of v1 is increasing to a maximal (positive) value while the
v2 is decreasing to a minimal (negative) value at beam
energies about 400-600 MeV/nucleon[62, 63]. Further in-
creasing beam energy, the slope of v1 decreases while
the v2 increases with beam energy. In general, both
v1 and v2, as well as nuclear stopping power in HICs
around 1 GeV/nucleon are strongly related to the de-
tailed ingredients of the nuclear EOS and the in-medium
NNCS[1, 21, 27, 62, 64–70].
The nuclear stopping power which measures the ef-
ficiency of converting the beam energy in the longi-
tudinal direction into the transverse direction is also
one of the most important observables. Serval dif-
ferent definitions/quantities of nuclear stopping power
have been used and reported in literature, such as the
quadrupole momentum tensor Qzz=
∑
i 2p
2
z(i) − p
2
x(i) −
p2y(i), and the ratio of transverse to parallel energy RE
[71], the ratio of the variances of the transverse rapidity
distribution over that of the longitudinal rapidity distri-
butions varxz [72]. In present work, we mainly focus on
varxz, which reads
varxz =
< y2x >
< y2z >
. (14)
Here
< y2x,z >=
∑
(y2x,zNyx,z)∑
Nyx,z
, (15)
where < y2x > and < y
2
z > are the variances of the ra-
pidity distributions of nucleons in the x and z directions,
respectively. Nyx and Nyz denote the numbers of nucle-
ons in each of the yx and yz rapidity bins. Apparently,
one expects that for full stopping, the value of varxz
will be unity, while it will be zero for full transparency.
The excitation function of the stopping power from the
Fermi energy to several GeV has shown that varxz first
increases to a maximal value (close to but smaller than
unity) at beam energy around 800 MeV/nucleon then
decreases afterwards [61, 72, 73]. Besides the collective
flow and the nuclear stopping power, other observables
such as particle yield, fragment multiplicity distribution,
rapidity distribution, kinetic energy and transverse mo-
mentum spectra are also applied widely to deduce the
properties of the formed dense nuclear matter.
III. INFLUENCE OF THE IN-MEDIUM
NUCLEON-NUCLEON CROSS SECTION ON
OBSERVABLES
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FIG. 2: (Color online) (a) The slope of the directed flow and
the elliptic flow (b) at mid-rapidity (y0=0) for light parti-
cles up to mass number A = 3 (3H and 3He) calculated
with FU3FP1, FU3FP2, FU3FP4 and FU3FP5 (lines with
symbols) parametrizations. The 197Au+197Au collision at
Elab=250 MeV/nucleon with 0.25 < b0 < 0.45 is considered
as an example. The FOPI experimental data (stars) are from
Ref. [57].
To show the effect of the in-medium NNCS on varies
observables, 197Au+197Au collisions at beam energies
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FIG. 3: (Color online) The nuclear stopping power varxz of
free protons, deuterons, tritons, as well as hydrogen isotopes
(Z = 1) produced in central 197Au+197Au collisions at the
beam energies 150, 250, and 400 MeV/nucleon. Calculations
with the FU3FP4 and FU3FP5 sets are compared with the
FOPI experimental data (stars) [73].
150, 250, and 400 MeV/nucleon for centrality 0 < b0 <
0.45 are calculated. The reduced impact parameter b0 is
defined as b0 = b/bmax with bmax = 1.15(A
1/3
P +A
1/3
T ) fm.
The slope of the v1 and v2 at mid-rapidity for light par-
ticles are displayed in Fig.2. One sees clearly that calcu-
lations with FU3FP4 (blue line) and FU3FP5 (red line)
are well separated. It implies that the directed and el-
liptic flows are very sensitive to the momentum depen-
dence of the in-medium NNCS within a narrow region
of pNN = 0.2 − 0.4 GeV/c, as the largest difference be-
tween these two parametrizations exist in that narrow
region (shown in Fig.1). Both the slope of v1 calculated
with FU3FP2 and FU3FP4 and the v2 calculated with
FU3FP1 and FU3FP5 track each other closely. Large
difference between FU3FP2 and FU3FP4 at the low mo-
menta and between FU3FP1 and FU3FP5 at high mo-
menta can be observed in Fig.1. Thus one may con-
clude that the slope of the directed flow is not sensitive
to the low momentum part while the elliptic flow is not
sensitive to the high momentum part of the in-medium
NNCS. However, the sensitivity of the collective flow to
the FU3FP4 and FU3FP5 sets will be reduced at higher
beam energies since they almost overlap at higher rela-
tive momentum. Further, it can be seen that both the
v1 slope and the v2 of free protons at mid-rapidity can
be quite well reproduced with FU3FP5, while that of
deuterons and A=3 clusters calculated with FU3FP4 are
found to be more close to the experimental data than that
with FU3FP5. Consequently, the FU3FP4 and FU3FP5
parametrization sets offer the greatest possible degree of
the momentum-dependent in-medium NNCS. Besides the
in-medium NNCS, other ingredients in transport models,
such as, the initialization, the nuclear EOS, as well as the
Pauli blocking effects, may also affect the collective flows
and the nuclear stopping power to some extensive, details
can be found in our previous publications[21, 29, 74].
Figure.3 displays the nuclear stopping power varxz of
free protons, deuterons, tritons, as well as hydrogen iso-
topes (Z = 1) in 197Au+197Au collisions at the beam
energies 150, 250, and 400 MeV/nucleon. Once again, it
is found that the varxz of free protons can be well re-
produced both with FU3FP4 and FU3FP5, while the re-
sults of other light clusters calculated with FU3FP4 are
found to be more close to the experimental data. The
varxz obtained with FU3FP5 is smaller than that with
FU3FP4. Because FU3FP5 denotes a larger reduction
on the NNCS at lower relative momenta than FU3FP4
does, the more violent collision prevailing in FU3FP4
parametrization enhances the nuclear stopping power.
Besides the total in-medium NNCS, the differential
cross section, i.e., the angular distribution, in transport
model also plays an important role. As discussed in our
previous publication[75], by comparing the results of the
collective flows and stopping power calculated with dif-
ferent angular distributions within the UrQMD model,
it is found that both the collective flows and the nuclear
stopping power obtained by using the forward-backward
peaked differential NNCS are smaller than that with the
isotropic one, while the elliptic flow difference between
neutrons and hydrogen isotopes can hardly be influenced
by the angular distributions. Details can be found in Ref.
[75].
IV. DETERMINATION OF THE NUCLEAR
INCOMPRESSIBILITY
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FIG. 4: (Color online) The incompressibility of isospin sym-
metric nuclear matter from 37 analyses using nuclei structure
observations collected by J. R. Stone et al. in Ref.[76]. The
red circle denotes the result deduced by J. R. Stone et al. in
Ref.[76]. The dashed line represents the averaged value.
The EOS of isospin symmetric nuclear matter can be
expanded as EA (ρ) = E0 +
K0
18 (
ρ−ρ0
ρ0
)2 + ..., therefore, a
more accurate value of K0 means a better understanding
of the nuclear EOS around the normal density. Con-
straints on K0 through comparing experimental data on
6TABLE II: Saturation properties of nuclear matter as ob-
tained with the three Skyrme interactions used in studying
the incompressibility K0.
K0 (MeV) S0 (MeV) L (MeV)
Skxs15 201 31.9 34.8
MSK1 234 30.0 33.9
SKX 271 31.1 33.2
nuclear structure properties and theoretical model calcu-
lations have been summarized in Ref. [76], and the re-
sults are displayed in Fig.4. As can be seen in Fig.4,
most of these constraints indicate that K0 should be in
the range 200-300 MeV. While in Ref.[76], the authors
showed that 250 < K0 < 315 MeV can be obtained,
based on the up-to-date data on the giant monopole reso-
nance energies. In Ref.[77], the authors studied the giant
monopole resonance energies of 208Pb and 120Sn, based
on the constrained Hartree-Fock-Bogoliubov approach,
190 < K0 < 270 MeV is found out. Although the incom-
pressibility K0 has been extensively investigated, differ-
ent models offer a wide range of results for K0, see, e.g.,
Refs. [8, 76, 77] and references therein.
Extraction of the incompressibility K0 with HIC also
has a long history, to our best knowledge, the very first
studies can be found in 1980s[78–83]. The collective flow
and particle (e.g., pi and kaon) productions are two of
the main observables used to extract K0. Using the mi-
croscopic Vlasov-Uehling-Uhlenbeck (VUU) model, ev-
idence for a stiff (K0 ∼ 380 MeV) nuclear EOS was
presented from a comparison with experimental data on
pion production and collective sidewards flow by Joseph
Molitoris and Horst Sto¨cker et al. in 1985 [78–80]. By
comparing pBUU model calculations to the directed and
elliptic flows in Au+Au at the beam energies from 0.15 to
10.0 GeV/nucleon, the most extreme cases (for K0 larger
than 380 MeV or less than 167 MeV) have been ruled out
by Danielewicz et al. [59]. In Refs [84, 85], it was found
that calculations with the soft EOS (K0=200 MeV) are
close to the kaon yields and yield ratios.
Recently, v2n which relates to the elliptic flow (v2) in
a broader rapidity range has been found to be very sen-
sitive to the incompressibility K0[86]. By comparing the
FOPI data with the calculations using the isospin quan-
tum molecular dynamics (IQMD) model, a incompress-
ibility K0 = 190± 30 MeV was extracted[86]. In view of
the fact that the collective flow also can be influenced by
the in-medium NNCS and the findings from the compar-
ison of the transport models, i.e., results from different
transport models are diversified even the same physical
inputs are required [87], more studies on v2n seems quite
necessary.
To constrain the incompressibility K0 using v2n, the
Skxs15, MSK1, and SKX interactions which give quite
similar values of nuclear symmetry energy but the in-
compressibilities K0 varies from 201 MeV to 271 MeV
(see Table II)[88] are considered. The binding energy
 Le Fe vre et al.
 Skxs15
 MSK1
 SKX
E(
r,
d=
0)
 M
eV
r (fm-3)
FIG. 5: (Color online) The pressure and the binding energy
per nucleon in symmetric nuclear matter as a function of den-
sity. The lines represent calculations for the Skxs15, MSK1,
and SKX interactions. The results obtained by Danielewicz
et al.[59] and Arnaud Le Fe`vre et al.[86] are represented by
shaded regions.
per nucleon and the pressure as a function of the density
are illustrated in Fig.5. For comparison, constraints ob-
tained by Danielewicz et al.[59] and by Fe`vre et al.[86]
are also displayed with shaded regions.
-0.8 -0.4 0.0 0.4 0.8
-0.10
-0.05
0.00
0.05
0.10
v 2
y0
FU3FP4
FU3FP5
 protons (FOPI)
 deuterons (FOPI)
Au+Au  0.25<b 0<0.45  u t0>0.4
protons
deuterons
FIG. 6: (Color online) The elliptic flow of free protons and
deuterons in Au+Au collisions at Elab = 0.4 GeV/nucleon
with centrality 0.25 < b0 < 0.45 and the scaled transverse
velocity ut0 > 0.4. Results calculated with MSK1 together
with the FU3FP4 (blue) and FU3FP5 (red) parametrizations
of the in-medium NNCS are compared with the FOPI ex-
perimental data[57]. Lines are fits to the calculated results
assuming v2(y0) = v20 + v22 · y
2
0 .
A good agreement between model calculations and the
measured data of the elliptic flow are illustrated in Fig.6
and figures in Ref. [89]. Fig. 6 compares the elliptic flow
of free protons and deuterons calculated with FU3FP4
7and FU3FP5 to the FOPI experimental data. v2(y0) =
v20+v22 ·y
2
0 is used to fit the calculated results, the same
as in the FOPI analysis. Both the elliptic flow of free
protons and deuterons in the whole inspected rapidity
range can be reproduced by calculations with FU3FP4
and FU3FP5. As it has been discussed in Refs. [86]
and [89], the sensitivity to the incompressibility K0 is
enhanced by using the observable v2n = |v20| + |v22|.
Because a smaller value of K0 leads to smaller values of
both |v20| and |v22|, as can be found in figures in Refs.
[86, 89].
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FIG. 7: (Color online) The v2n of free protons produced
from 197Au+197Au collisions at Elab = 0.4, 0.6, 0.8, and
1.0 GeV/nucleon are shown as a function of the incompress-
ibility K0. The results obtained from the IQMD model
are represented by full triangles [86]. The shaded bands
indicate the FOPI experimental data. Three full squares
(open squares) denote respectively the results calculated us-
ing Skxs15, MSK1, and SKX together with the FU3FP4
(FU3FP5) parametrizations for the in-medium NNCS. The
lines are the linear fits to the calculations. Reproduced from
Ref. [89].
100 200 300
0.2
0.3
0.4
0.5
0.6
0.7
100 200 300 100 200 300 100 200 300 400
K
0
 (MeV)
 FU3FP4
 FU3FP5
 IQMD
 FOPI
 
 
Elab=0.4A GeV
v 2
n o
f d
eu
te
ro
ns
(b)
 
 
Elab=0.6A GeV
(a) (c) (d)
 
 
Elab=0.8A GeV
Au+Au  0.25<b 0<0.45   u t0>0.4
  
 
 
Elab=1.0A GeV
FIG. 8: (Color online) The same as Fig.7 but for the v2n of
deuterons. Reproduced from Ref. [89].
The v2n of free protons and deuterons are shown as
a function of the incompressibility K0 in Figs.7 and 8.
Calculations with the FU3FP4 and FU3FP5 sets are
compared to the FOPI experimental data, as well as
to the results calculated with the IQMD model, taken
from Ref.[86]. The v2n increases strongly with increasing
K0 in both model calculations, it implies that the v2n
is very sensitive to the incompressibility K0, though the
slope is not exactly the same. Generally, the values of
v2n calculated with the UrQMD model are smaller than
that with the IQMD model, and the difference become
smaller at higher beam energies. Consequently, the ex-
tracted K0 with the IQMD model is smaller than that
with the UrQMD model. As we have discussed in Ref.
[89], the difference may comes from the different collision
term in the two models, i.e., the free NNCS is used in
the IQMD model, while the UrQMD model incorporates
the in-medium NNCS (density- and momentum- depen-
dent). At higher energies, the difference between the two
models become smaller, it is because that the in-medium
and free cross sections at the higher relative momenta
are almost the same, as shown in Fig.1. Besides, dif-
ferent values of the width of the Gaussian wave packet
and different treatments in the Pauli blocking in the two
models may also contribute the observed difference in the
extraction of K0. Influences of these treatments and/or
parameters on the v2n deserve further studies. On av-
erage, the central value of the incompressibility K0 is
obtained to be 240 (275) MeV for calculations with the
FU3FP4 (FU3FP5) parametrization. With a stronger
reduction of the in-medium nucleon-nucleon cross sec-
tion, i.e., FU3FP5, a larger K0 is extracted. It may
also explain the reason why the K0 obtained with the
UrQMD model is larger than that with the IQMD model.
K0 = 240 ± 20 MeV (K0 = 275 ± 25 MeV) for the
FU3FP4 (FU3FP5) parametrization of the in-medium
NNCS, which best describes the v2n of free protons, is ex-
tracted. In addition, within both models, it is found that
K0 extracted from the v2n of deuterons is smaller than
that from v2n of free protons. Furthermore, the extracted
K0 from the v2n of deuterons is not sensitive to the beam
energy, which is unlikely to that observed for the v2n of
free protons. K0 = 190± 10 MeV (K0 = 225± 20 MeV)
for the FU3FP4 (FU3FP5) parametrization is obtained
from the v2n of deuterons. By combining the error inter-
vals of the results obtained from the v2n of free protons
and deuterons, an averaged K0 = 220 ± 40 MeV is ob-
tained for the FU3FP4 parametrization.
V. CONSTRAINTS ON THE
DENSITY-DEPENDENT NUCLEAR SYMMETRY
ENERGY
To probe the density-dependent nuclear symmetry en-
ergy with HICs, microscopic transport models which pro-
vides a bridge between experimental observables and the
nuclear symmetry energy are necessary. Many observ-
ables have been predicted as sensitive probes for the nu-
clear symmetry energy, e.g., the yield ratio and the collec-
tive flow difference (ratio) between different isospin part-
ners (e.g., proton and neutron, 3H/3He, pi−/pi+, K0/K+,
and Σ−/Σ+), as well as the balance energy of directed
flow [48, 49, 52, 93–95, 99–112]. In spite of the progress
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FIG. 9: (Color online) The nuclear symmetry energy for vari-
ous Skyrme interactions are displayed as a function of density.
Symmetry energies used in Ref. [52] with γ=0.5 and 1.5, and
favored in LQMD model [95] and in IBUU04 model [94] are
also shown for comparison. Stars are constraints at 2ρ0 ob-
tained from astrophysical observations by Zhang and Li [96],
Xie and Li [97], and Zhou and Chen [98]. The nuclear sym-
metry energy for Skz4, Skz2, SLy4, MSL0, SkO’, SV-sym34,
Ska35s25, Gs, and SkI1 at lower densities are displayed in
the inset. The shaded region exhibits the result obtained by
Danielewicz et al. [117]. Five different scattered symbols rep-
resent recent constraints obtained by Roca-Maza et al. [118],
Brown[119], Zhang et al. [120], Wang et al.[121], and Fan et
al. [122], respectively.
made, a precise constraint on the density-dependent nu-
clear symmetry energy with HICs is still very difficult to
achieve due to a) the difficulties in precision experimen-
tal measurements, and b) strong model- and observable-
dependent results, see, e.g., Refs. [2, 113–116] for review.
In this section, we review in detail two of our recent
studies on the density-dependent nuclear symmetry en-
ergy by using the 3H/3He yield ratio and the elliptic flow
ratio between neutrons and hydrogen isotopes. As these
two observables probe the nuclear symmetry energy at
different density region, we incorporate two groups of
Skyrme interactions into the UrQMD model. Group I
includes 13 Skyrme interactions for which give quite sim-
ilar values of the incompressibilityK0 but different values
of L [88], the saturation properties of these interactions
are shown in Table III. In addition, the slope parame-
ter L at ρ=0.08, 0.055, and 0.03 fm−3 are also shown
in Table III. Group II includes 21 Skyrme interactions.
The saturation properties of these Skyrme interactions
are shown in Table IV. Moreover, the SkA and SkI5 which
give larger values of the incompressibility K0 are also
considered to examine the influence of K0 on the ellip-
tic flow ratio and difference. The density-dependent nu-
clear symmetry energy from various Skyrme interactions
are displayed in Fig.9. It can be seen that the selected
Skyrme interactions cover the different forms of symme-
try energies currently discussed by different theoretical
groups. In addition, some recent constraints extracted
from nuclear structure properties, e.g., binding energy,
neutron skin thickness, and isovector giant quadrupole
resonance [118–122], and from astrophysical observations
[96–98] are also displayed for comparison (scatter mark-
ers and shaded band).
A. Result from 3H/3He yield ratio
TABLE III: Group I: Saturation properties of nuclear matter
as obtained with the selected 13 Skyrme interactions used to
study the 3H/3He yield ratio. All entries are in MeV, except
for density in fm−3.
ρ = ρ0 ρ = 0.01 ρ = 0.08
ρ0 K0 S0 L L(ρ) L(ρ)
Skz4 0.16 230 32.0 5.8 16.5 34.5
Skz2 0.16 230 32.0 16.8 14.2 35.7
SV-mas08 0.16 233 30.0 40.2 10.6 32.8
SLy4 0.16 230 32.0 45.9 12.1 33.2
MSL0 0.16 230 30.0 60.0 8.7 31.6
SkO’ 0.16 222 32.0 68.9 8.9 33.2
SV-sym34 0.159 234 34.0 81.0 8.4 35.7
Rs 0.158 237 30.8 86.4 6.7 31.4
Gs 0.158 237 31.1 93.3 8.6 38.1
Ska35s25 0.158 241 37.0 98.9 6.3 31.7
SkI2 0.158 241 33.4 104.3 7.0 32.4
SkI5 0.156 256 36.6 129.3 6.9 34.5
SkI1 0.16 243 37.5 161.1 3.6 33.4
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FIG. 10: (Color online) The transverse component of the four-
velocity distributions of 3H and 3He as well as the correspond-
ing ratio at reaction times t=30 fm/c and 150 fm/c. The re-
sults calculated with two extreme cases (Skz4 and SkI1) are
displayed.
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FIG. 11: (Color online) 3H/3He ratio as a function of the
slope of Esym(ρ) at densities of ρ=0.01 fm
−3 and 0.08fm−3,
as well as the saturation density ρ0. The lines represent linear
fits to calculations. Correspondingly, the Adj. R2 values are
also given. The shaded region indicates the FOPI data of
3H/3He ratio [73].
Calculations with both the quantum molecular dynam-
ics (QMD) type and the Boltzmann-Uehling-Uhlenbeck
(BUU) type transport models have been shown that the
yield ratio of 3H and 3He emitted from HICs can be used
to constrain the nuclear symmetry energy[123–126], but
some puzzling inconsistency still exists. For example,
the yield of 3H calculated with a soft symmetry energy
is larger than that with a stiff one based on calcula-
tions with two different QMD type models [125, 126],
while the opposite trend is found in Ref. [123] with the
isospin-dependent BUU (IBUU) model. Recently, a large
amount of yield data for protons, 2H, 3H, 3He, and 4He
produced in HICs at intermediate energies has been mea-
sured by the FOPI collaboration[57, 73]. This data set
offers new opportunities for studying the nuclear symme-
try energy by using the 3H/3He ratio over wide ranges of
both beam energy and system size.
The transverse component of the four-velocity ut0 dis-
tributions of 3H and 3He as well as the corresponding
ratios at reaction times t=30 fm/c and 150 fm/c are
shown in Fig.10. It can be seen that, at t=30 fm/c
(the early stage of expansion phase), 3H and 3He with
high ut0 are more abundant than that with low ut0, these
clusters mainly reflect the behavior of symmetry energy
at high densities. At early stage, 3H and 3He consist
of protons and neutrons which emitted mainly from the
high density region. A stiff (i.e, SkI1) symmetry energy
will repel more neutrons and less protons than a soft one
(i.e., Skz4). Thus more 3H (neutron-rich) can be formed,
then higher values of the 3H/3He and neutron/proton
ratios are obtained. As the reaction proceeds, i.e., at
t=150 fm/c, more and more 3H and 3He clusters with
low-ut0 are emitted from low density environment, and
finally the ratio reflects the behavior of symmetry en-
ergy at sub-saturation densities. Very similar results can
be found in calculations with other QMD-type models
[105, 125]. Furthermore, with increasing ut0, the ratio
calculated with Skz4 approach that of SkI1, their order
may even be reversed if the residual symmetry potential
is large enough. We have checked that the reversed order
on the neutron/proton ratio is more obvious than that
on the 3H/3He ratio, as one excepted.
Figure 11 shows the 3H/3He ratios calculated with the
13 selected Skyrme interactions as a function of the slope
of Esym(ρ) at three different densities. The line in each
bunch represents a linear fit to the calculations, the re-
spective value of the adjusted coefficient of determination
(Adj. R2) is also shown. A very strong linearity between
the 3H/3He ratio and the slope of Esym(ρ) at ρ=0.01
fm−3 can be observed, which indicates again a strong
correlation between them at low densities. The results
obtained with Skz4 and Skz2 fall outside the band, while
it obtained with MSL0, SkO’, SV-sym34, and Ska35s25
are centered in the experimental band. The symmetry
energy obtained with these four interactions also lie quite
close to the constraints obtained from other methods, as
shown in Fig.9. Obviously, the large uncertainty of the
experimental data prevents us from getting a tighter con-
straint on the density-dependent symmetry energy. How-
ever, the comparison to experimental 3H/3He data as
functions of beam energy and system size is possible, sup-
plying a more systematic and thus more consistent infor-
mation on the symmetry energy. As shown and discussed
in our previous publication [99], the 3H/3He data from
different collision systems (i.e., 40Ca+40Ca, 96Ru+96Ru,
96Zr+96Zr) and different beam energies (from 0.09 to 1.5
GeV/nucleon) also can be well reproduced by the calcu-
lations with MSL0, SkO’, SV-sym34, and Ska35s25. Al-
though a tighter constraint on the density-dependent nu-
clear symmetry energy is still not obtained from the data
of 3H/3He yield ratio, partly due to the large uncertain-
ties in the experimental data, a very satisfactory consis-
tency among the presented comparisons is achieved. Fur-
thermore, the results obtained from 3H/3He yield ratio
is also in agreement with our previous results obtained
from the elliptic flow ratio [30, 52, 104], although one
should keep in mind that the nuclear symmetry energies
at different density regions are extracted from these two
observables.
B. Result from the elliptic flow ratio between
neutrons and hydrogen isotopes
Using the neutron-proton differential transverse and el-
liptic flows to probe the isospin-dependent EOS has been
proposed almost twenty year ago[93, 128, 129], while the
first constraint on the Esym(ρ) by using elliptic flows ra-
tio between neutrons and hydrogen isotopes was achieved
ten years ago[52, 130]. By comparing the simulations
of the UrQMD model and the FOPI/LAND data for
Au+Au collisions at 400 MeV/nucleon, a moderately soft
symmetry energy with a slope of L=83±26 MeV was ob-
tained [52]. Afterwards, new FOPI/LAND experimen-
tal data of the elliptic flow ratio between neutrons and
all charged particles became available [90], the UrQMD
10
model also has been updated [29]. In this section, we
review the results from the UrQMD model in which the
Skyrme energy density functional is introduced to obtain
parameters in the mean-field potential term.
TABLE IV: Group II: Saturation properties of nuclear matter
as obtained with the 21 Skyrme parameterizations used to
study the elliptic flow ratio between neutrons and hydrogen
isotopes. All entries are in MeV, except for density in fm−3.
ρ0 K0 S0 L Ksym
Skz4 0.160 230 32.0 5.8 -240.9
BSk8 0.159 230 28.0 14.9 -220.9
Skz2 0.160 230 32.0 16.8 -259.7
BSk5 0.157 237 28.7 21.4 -240.3
SkT6 0.161 236 30.0 30.9 -211.5
SV-kap00 0.16 233 30.0 39.4 -161.8
SV-mas08 0.160 233 30.0 40.2 -172.4
SLy230a 0.16 230 32.0 44.3 -98.2
SLy5 0.16 230 32.0 48.2 -112.8
SV-mas07 0.16 234 30.0 52.2 -98.8
SV-sym32 0.159 234 32.0 57.1 -148.8
MSL0 0.160 230 30.0 60.0 -99.3
SkO’ 0.16 222 32.0 68.9 -78.8
Sefm081 0.161 237 30.8 79.4 -39.5
SV-sym34 0.159 234 34.0 81.0 -79.1
Rs 0.158 237 30.8 86.4 -9.2
Sefm074 0.16 240 33.4 88.7 -33.1
Ska35s25 0.158 241 37.0 98.9 -23.6
SkI1 0.160 243 37.5 161.1 234.7
SkA 0.155 263 32.9 74.6 -78.5
SkI5 0.156 256 36.6 129.3 159.6
A good agreement between the UrQMD calculations
and the experimental data can be observed again in
Fig.12 where the v2 of neutrons and hydrogen isotopes as
a function of the transverse momentum pt is displayed.
The v2 of neutrons obtained with SkI1 is more negative
than that obtained with Skz4, while the opposite trend
is observed for hydrogen isotopes. This finding has been
reported and discussed widely in Refs.[30, 52, 104, 130–
132]. It is due to the fact that the nuclear symmetry
potential tends to attract protons and expel neutrons in
a neutron-rich environment, and the repulsion for neu-
trons (attraction for protons) are much stronger for the
stiff symmetry energy (i.e., SkI1) at densities above ρ0
than that for the soft one (i.e., Skz4). The stronger re-
pulsion interaction results in the more negative elliptic
flow at the beam energy studied here.
Figure 13 (a) shows the comparison of the mea-
sured and the calculated ratios vn2 /v
H
2 as a function of
the transverse momentum pt (pt = ut0 · 0.431 GeV/c
at Elab = 400 MeV/nucleon for nucleons). SV-
mas08&FU3FP2 denotes the ratio calculated with SV-
mas08 interaction and the FU3FP2 parameterization of
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FIG. 12: (Color online) Elliptic flow v2 of neutrons and hy-
drogen isotopes for Au + Au with b ≤ 7.5 fm and Elab =
0.4 GeV/nucleon as a function of the transverse momentum
pt. The rapidity window |y0| < 0.5 is chosen the same as the
experimental data. The results calculated with two extreme
cases (i.e., Skz4 and SkI1) are compared to the FOPI/LAND
data reported in Ref. [52].
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FIG. 13: (Color online) (a) Elliptic flow ratio between neu-
trons and hydrogen isotopes vn2 /v
H
2 as a function of the
transverse momentum pt. Calculations with the indicated 9
Skyrme interactions are compared to the FOPI/LAND data
(shaded area) reported in Ref. [52]. (b) The total χ2 which
demonstrates the quality of the fitting procedure is plotted as
a function of the slope parameter L. The smooth curve is a
quadratic fit to the total χ2, and the horizontal dashed line
is used to determine the error of L within a 2-σ uncertainty.
Reproduced from Ref.[30].
the in-medium NNCS, while others are calculated with
the FU3FP4 parameterization on the in-medium NNCS.
It can be seen that the vn2 /v
H
2 ratio increases with in-
creasing L, and the difference among calculations steadily
grows when moving to the low transverse momentum re-
gion. The results calculated with SV-sym34 and SkA
(give similar value of L) are almost overlapped even
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FIG. 14: (Color online) Elliptic flow ratio at mid-rapidity
between neutrons and protons vn2 /v
p
2 as a function of the
slope of the nuclear symmetry energy L. Au+Au collisions
at Elab = 0.4 and 1.0 GeV/nucleon are displayed. Calcula-
tions with the 11 Skyrme interactions listed in Ref.[133] are
shown by solid symbols. The solid lines represent linear fits to
the calculations, shaded bands are 95% confidence intervals
around the fitted lines.
though the difference in K0 is as large as almost 30 MeV.
It illustrates that the elliptic flow ratio is not sensitive to
the incompressibility K0. We note here that the elliptic
flows of both neutrons and hydrogen isotopes obtained
with SkA are larger than that obtained with other inter-
actions, however by taking the ratio, the impact of the
incompressibility K0 can be largely canceled out, sim-
ilar results also can be found in Ref. [132] by using
Tu¨bingen QMD model. Furthermore, the ratio obtained
with SV-mas08&FU3FP2 lies close to that obtained with
SV-mas08 in which the FU3FP4 parameterization on the
in-medium NNCS is used, indicating that the influence
of the in-medium NNCS on the elliptic flow ratio is quite
small, similar result also has been observed in Ref. [52].
Thus, one can conclude that the systematically increas-
ing of vn2 /v
H
2 as displayed in Fig.13 (a) is mainly caused
by the increase of the stiffness of the nuclear symmetry
energy and not caused by other changes of the isoscalar
components of the mean-field potential. Fig. 13 (b) shows
the quality of the fitting to the FOPI/LAND data. The
total χ2 as calculated with the 21 Skyrme interactions
are displayed as a function of the slope parameter L. It
can be seen that the variation of χ2 with L can be well
described with a quadratic fit. The slope parameter is ex-
tracted to be L = 89± 45 MeV within a 2-σ uncertainty.
In Ref.[30], the four observables vn2 − v
p
2 , v
n
2 − v
H
2 , v
n
2 /v
p
2 ,
and vn2 /v
H
2 (the pt-integrated results) are displayed as a
function of the slope parameter L of the 21 Skyrme inter-
actions. Fairly good linearities between these observables
and the slope parameter are observed. Together with the
FOPI/LAND data, constraints on the slope parameter L
can be achieved. The intervals of L=61-137, 44-103, 62-
132, and 54-106 MeV are obtained from vn2 −v
p
2 , v
n
2 −v
H
2 ,
vn2 /v
p
2 , and v
n
2 /v
H
2 , respectively. Although these results
are largely overlapped with each other, the largest differ-
ence among their central values is about 25 MeV (from
vn2 − v
p
2 and v
n
2 − v
H
2 ). The uncertainties of L obtained
from vn2 /v
p
2 and v
n
2 /v
H
2 are smaller than that from v
n
2 -v
H
2
and vn2 -v
p
2 , one of the possible reason is that by taking the
ratio the impact from uncertainties in the determination
of the reaction plane and in the isoscalar components of
the nuclear potential can be largely cancelled out. To our
knowledge, the uncertainty of the extracted L using the
elliptic flow ratio (difference) is large for two main rea-
sons. (a) The large uncertainty in neutron flow measure-
ments. (b) Contribution of Ksym to the elliptic flow ratio
has not been disentangled. As Ksym becomes more and
more important for studying the high-density behavior of
nuclear symmetry energy, both L and Ksym are expected
to affect the elliptic flow ratio. Thus, correlation analy-
ses and more systematic and accurate experimental data
of the elliptic flow difference (ratio) are required before
achieving a tighter constraint on the density-dependent
nuclear symmetry energy. Fig.14 shows the elliptic flow
ratio vn2 /v
p
2 as a function of the slope parameter L at
beam energies of 0.4 and 1.0 GeV/nucleon. With increas-
ing beam energy, the sensitivity of vn2 /v
p
2 to L is reduced,
because of the weakened mean field potential effects at
higher energies. Moreover, the inelastic collisions (e.g.,
n+n → p + ∆− → p + n +pi−) may also further reduce
the effects of the symmetry potential on the flow of nu-
cleons, as neutrons (protons) can be converted to protons
(neutrons).
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FIG. 15: (Color online) Constraints on the slope of Esym(ρ)
by using the elliptic flow ratio (difference) between neutrons
and protons (hydrogen isotopes, all charged particles). The
results obtained by Russotto et al. in Refs.[52, 90] and by
Cozma et al. in Ref. [104] are compared to the results ob-
tained in present work.
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Constraints on the slope of Esym(ρ) by using the el-
liptic flow ratio (difference) between neutrons and pro-
tons (hydrogen isotopes, all charged particles) are sum-
marized in Fig.15. It is interesting to observe that con-
straints presented with the updated UrQMD model, and
obtained by Cozma et al. with the Tu¨bingen QMDmodel
[104], as well as obtained by Russotto et al. with previ-
ous version of the UrQMD model [52, 90], are well over-
lapped within the range of 60-85 MeV. Moreover, in a
recent study[132], by considering much more theoretical
uncertainties in the Tu¨bingen QMDmodel, e.g., the com-
pressibilityK0, the in-medium nucleon-nucleon cross sec-
tion, and the nucleon effective mass splitting, the slope of
Esym(ρ) is extracted to be L=84±30 (exp) ± 19 (theor)
MeV from the elliptic flow ratio between neutrons and
protons (hydrogen isotopes). Again, this result also over-
laps with L=60-85 MeV. Furthermore, it is noticed that
the extracted central values of L from vn2 − v
H
2 (v
n
2 /v
H
2 )
are smaller than that from vn2 − v
p
2 (v
n
2 /v
p
2). The result
obtained with from the elliptic flow ratio between neu-
trons and all charged particles (vn2 /v
Ch.
2 ) is also smaller
than that with vn2 − v
H
2 and v
n
2 /v
H
2 . It is known from
the analysis in Ref.[90] that, the sensitivity densities ob-
tained from vn2 /v
H
2 and v
n
2 /v
Ch.
2 are smaller than that
with vn2 /v
p
2 . The difference in the extracted L may also
stem from the fact that different range of densities are
probed by these different observables. Very recently, a
new observable related to the rapidity at which v2 of pro-
tons changes sign from negative to positive, is found to
be sensitive to the density-dependent nuclear symmetry
energy, by comparing the FOPI data and the UrQMD
calculations, the slope parameter L = 43±20 MeV is ex-
tracted [133]. This result is about 30 MeV smaller than
the result summarized in Fig.15, the main reason is that
this new observable which involves v2 in a broader rapid-
ity range probes the nuclear symmetry energy at a lower
density region. Detailed discussions can be found in Ref.
[133].
VI. SUMMARY AND OUTLOOK
We review our recently studies on the nuclear equation-
of-state and the in-medium NNCS by using the ultrarel-
ativistic quantum molecular dynamics (UrQMD) model.
With incorporating the Skyrme potential energy den-
sity functional to obtain parameters in the mean-field
potential part of the UrQMD model, three Skyrme in-
teractions which give quite similar values of the nuclear
symmetry energy but different values of the incompress-
ibilities K0 are adopted. It is found that the nuclear
incompressibility K0 is quite sensitive to the v2n. By
comparing the FOPI data of the v2n of free protons and
deuterons with the UrQMD model calculations, an aver-
aged K0 = 220± 40 MeV is extracted with the FU3FP4
parametrization on the in-medium NNCS. However, re-
maining systematic uncertainties, partly related to the
choice of in-medium NNCS, are of the same magnitude
(±40 MeV). Overall, the rapidity dependent elliptic flow
supports a soft nuclear equation-of-state.
With considering different forms of the density- and
momentum-dependent in-medium NNCS in the UrQMD
model, their influence on the collective flow and nuclear
stopping power is studied as well. It is found that both
the collective flow and the nuclear stopping power of
free protons can be reproduced with the calculations
using the FU3FP5 parametrization on the in-medium
NNCS, while the results of light clusters are found to
be reproduced well with the FU3FP4 parametrization.
The FU3FP4 and FU3FP5 parametrization sets offer the
greatest possible degree of the momentum-dependent in-
medium NNCS.
We further review the extraction of the density-
dependent nuclear symmetry energy by using the experi-
mental data of 3H/3He yield ratio and the elliptic flow ra-
tio between neutrons and hydrogen isotopes. It is found
that 3H/3He yield ratio is sensitive to the nuclear sym-
metry energy at sub-normal densities, while the elliptic
flow ratio between neutrons and hydrogen isotopes is sen-
sitive to the high-density behavior of the nuclear symme-
try energy. By comparing the UrQMD calculations with
21 Skyrme interactions to the transverse-momentum de-
pendent elliptic flow ratio vn2 /v
H
2 , the slope parameter
of the density-dependent symmetry energy is extracted
to be L = 89 ± 45 MeV within a 2-σ confidence limit.
The large uncertainty is partly due to the large error
bars in the experimental data and to the fact that the
effect of Ksym on the elliptic flow ratio has not been dis-
entangled. In the near future, we will concentrate on
the investigation of Ksym with heavy-ion collisions. The
pt-integrated elliptic flow ratio and difference v
n
2 − v
p
2 ,
vn2 − v
H
2 , v
n
2 /v
p
2 , and v
n
2 /v
H
2 , also can be used to obtain
constraints on the slope parameter L. Overall, L=60-85
MeV is found to be overlapped with the constraints ob-
tained with the UrQMD model and the Tu¨bingen QMD
model by using the data of the elliptic flow ratio (differ-
ence) between neutrons and protons (hydrogen isotopes,
all charged particles).
Finally, we would like to point out that to achieve a
better understanding about the nuclear equation-of-state
and the in-medium nucleon-nucleon cross section by us-
ing heavy-ion collisions, a detailed and systematical in-
vestigation on how the sensitive observables varies with
beam energy and collision system is quite necessary. On
one hand, the current and future rare isotope beam fa-
cilities (e.g., the CSR and the HIAF in China, the FRIB
in the United States, the RIBF in Japan, the SPIRAL2
in France, the FAIR in Germany) around the world, will
provide more and more experimental data in the next
decades, offering new opportunities for theoretical inves-
tigation. On the other hand, uncertainties in transport
models, e.g., model-dependent results observed in the
comparison of different transport models [87, 134, 135],
need to be understood and solved. Endeavors of both
experimentalists and theorists are mandatory to achieve
a tight constraint on the nuclear equation-of-state.
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To probe the high density behavior of the nuclear
symmetry energy with heavy-ion collisions, the pi−/pi+
yield ratio and the elliptic flow ratio between neutrons
and protons are two of the most popular observables so
far, as the corresponding experimental data are avail-
able. As the contribution of the curvature parameter
Ksym becomes more and more important when studying
the high-density behavior of the nuclear symmetry en-
ergy, constraint on the Ksym is quite necessary[136, 137].
The effects of the pion and ∆ potentials[32, 138–143],
the in-medium threshold effects on ∆ resonance produc-
tion and decay[140, 144–149], and other issues[150–152]
on the pi−/pi+ yield ratio need to be understood before
a more reliable constraint on the nuclear symmetry en-
ergy can be achieved. For the elliptic flow ratio between
neutrons and protons, one of a great challenge for experi-
mental techniques is to measure the flow of neutrons with
high precision, while from a theoretical point of view, the
influence of the neutron-proton effective mass splitting
ought to be isolated in advance[5, 153–160]. In addition,
the effects of nucleon-nucleon short-range correlations as
well as the associated nucleon momentum distributions in
heavy-ion collisions also need to be studied[5, 161–168].
Besides using heavy-ion collisions, astrophysical obser-
vations such as the mass-radius relation and tidal de-
formability of neutron stars and gravitational waves also
can be used to constrain the density-dependent nuclear
symmetry energy [96, 97, 169–171]. Together with con-
straints on the nuclear equation of state from observables
in both nuclear physics (with nuclear structure properties
and heavy-ion collisions) and astrophysics (e.g., neutron
stars and their mergers), a more precise picture of the
nuclear equation of state in a wider density range will be
achieved.
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